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Abstract

Modeling wave-like phenomena poses significant mathematical complications, when regarding
an unbounded domain. In order to apply standard finite element methods, it is necessary
to truncate the computational grid in some way. However di!culties arise, since typically
solutions of the wave equation are inherently non-local. This means that even a small excita-
tion can propagate over a large region. Thus, a simple truncation with hard-wall boundary
conditions (e.g. Dirichlet or Neumann), will cause unacceptable reflections propagating
into the computational domain. Therefore, wave equations on unbounded domains require
di"erent approaches.

The technique of complex scaling is a popular choice when treating such problems. First,
the Fourier transformation is applied, which transforms the system from the time domain into
the frequency domain. This allows to introduce a complex coordinate transformation outside
of a chosen domain of interest, which is done to ensure artificial damping of the wave without
spurious reflections. When using so called Perfecly Matched Layers, the exterior domain (i.e,
the subdomain where the complex scaling is introduced) is truncated and discretized with
finite element methods. Then again, applying the inverse Fourier transformation yields the
corresponding system in the time domain. Common choices for these complex scalings are
the so called cartesian scaling and radial scaling. Depending on the application, especially
the geometry at hand, one approach may be more suitable than the other. In this work,
we introduce a generalization of these methods, amenable to applications on star-shaped
domains. Based on findings of [Wes20], we introduce specific complex transformations
and develop the corresponding formulation in the time domain to solve source problems.
Concerning the discretization of the problem, we follow the approach of decomposing a wave
into an oscillating transversal and a propagating radial part. This decomposition allows a
quick adaptation of our method to specific geometries at hand. Moreover, this particular
approach avoids the need of explicit meshing of the exterior domain, and can therefore be
easily implemented into regular finite element software (e.g. netgen/ngsolve [Sch14; Sch97]).

The work of [RSS12] reported the occurrence of numerical instabilities in the simulation of
wave phenomena in open systems, which were not fully understood at the time. In the present
study, we provide a theoretical idea for these instabilities by analyzing their underlying
mechanisms within our framework. Furthermore, we apply our proposed method to the same
setting and demonstrate that it remains stable and robust, supported by numerical tests.
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1. Introduction

In numerous physical and engineering applications, wave phenomena can be modeled
mathematically by partial di"erential equations (PDEs). In standard scenarios the objective
equation, the so called wave equation, is given by,

ωttp(x, t)→!xp(x, t) = f(x, t). (1.1)

Here p describes the unknown wave function and f is a given source term. A typical
example is the modeling of surface water waves, in which p corresponds to the deviation
of the water surface. Modeling wave-type scenarios on bounded domains is fairly straight
forward, (see [Eva10]). However, when trying to simulate wave propagation on open domains,
many di!culties arise. In order to apply standard finite element methods we need to
truncate the computational domain, where the key questions lies in how to perform this
truncation. As wave solutions usually exhibit oscillating behavior coupled with an asymptotic
behavior ↑ 1/r(d→1)/2, for distance r and dimension d (see, [Joh21]), truncating the domain
and imposing hard-wall boundary conditions such as Neumann or Dirichlet, will lead to
unacceptable artifacts. However, choosing a time harmonic Ansatz of the form

p(x, t) = ↓(u(x) exp(→iεt)), (1.2)

for a fixed frequency ε, and insertion into (1.1), results in the so called Helmholtz equation,

→!u(x)→ ε
2
u(x) = f(x). (1.3)

The advantage of working in the frequency domain is that conditions and transformations
can be imposed more easily, as the equation is expressed only in spatial dimensions. Complex
scaling techniques in the frequency domain (see, e.g. [Sim79]) have been developed prior
to the time-dependent Perfectly Matched Layer (PML) method introduced by Bérenger in
[Ber94]. However, these methods were later recognized to be equivalent when written in the
frequency domain.

The key point of these approaches lies in introducing a complex coordinate transformation
outside the chosen domain of interest. This scaling ensures that within the interior domain,
the wave remains unchanged, however, within the exterior domain, the subdomain where the
transformation is introduced, the solution exhibits an artificially damped behavior. Common
choices of scalings are the so called cartesian scaling and radial scaling (see, e.g. [BP13] and
[HKW24], [Hal19]), but as their names already suggest, they only work properly on specific
geometries. In chapter 3 and 4 we discuss well-known approaches in simple frameworks and
focus specifically on the cartesian scaling in greater detail. However, [Wes20] presents detailed
findings for complex scalings for the Helmholtz problem, even for more general geometries.
In chapter 5 and 6 we built upon these findings, pick specific scaling parameters and adapt

1



1. Introduction

this approach in order to solve the open domain source problem. For the discretization, we
employ a formulation that decomposes the wave into an oscillatory transverse component
and a radially propagating component. This representation provides a physically meaningful
framework that can be e!ciently adapted to various geometrical configurations. In the final
chapter 7, we support our results by numerical test and furthermore return to the setting
studied in [RSS12], explain the origin of the instabilities observed there, and apply our
method to demonstrate its robustness and stability.
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2. Classical approaches for the Wave

Equation

The wave equation is a fundamental model for prescribing wave propagation phenomena in
various physical systems. Typically one is interest in the behavior of the wave over time,
given an initial state, specified by p0 and p1. The corresponding equations to be solved can
be formulated as,

ωttp(x, t)→!xp(x, t) = 0, x ↔ ”, t > t0, (2.1a)
p(x, t) satisfies suitable boundary conditions, x ↔ ω”, t > t0, (2.1b)
p(x, t0) = p0(x), x ↔ ”, (2.1c)

ωtp(x, t0) = p1(x), x ↔ ”. (2.1d)

We do not specify the type of boundary conditions (e.g., Dirichlet or Neumann), as the
analysis remains valid in both cases. However, the initial conditions p0 and p1 are assumed
to be compatible with the prescribed boundary conditions. The choice of an appropriate
approximation method for solving (2.1) may vary with the characteristics of the domain ”,
particularly its size.

2.1. Bounded Domains

If ” is a bounded domain, and given that both ω” and the initial data are su!ciently
smooth, then (2.1) is uniquely solvable (e.g. [Eva10]), making it amenable to classic
numerical methods. In particular, well known approaches such as finite element methods
(FEM) combined with time-stepping schemes are commonly used (see, [IMN+25, Section 7.4
- 7.5]) to approximate a solution.

Proceeding with the classical FEM procedure (see, [MF24, Section 3.2]), we rewrite
(2.1) into variational formulation and approximate it with spatial basis functions. Further,
order-reduction leads to the following first order system of di"erential equations,

Mq̇(t) + Sp(t) = 0, ↗ t ↘ t0,

ṗ(t) = q(t), ↗ t ↘ t0,

p(t0) = p0,

q(t0) = p1.

(2.2)

One frequently used time stepping scheme to solve (2.2) is the so called Crank-Nicolson.
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2. Classical approaches for the Wave Equation

Algorithm A (Crank–Nicolson scheme for first-order wave system).
At each time step with step size ϑ > 0:
Solve:

M(
q
n+1 → q

n

ϑ
) + S(

p
n+1 + p

n

2
) = 0,

p
n+1 → p

n

ϑ
=

q
n+1 + q

n

2
.

A key feature of Algorithm A is its ability to conserve the energy of the system over time.
This energy preservation ensures stable and physically meaningful solutions.

2.2. Unbounded Domains

With unbounded domains ”, on the other side, some issues arise when trying to approach
these problems similarly to the bounded case. Since standard FEM is applicable only on
bounded regions, it is rather challenging to model wave-like behavior on unbounded regions.

One common approach to analyze wave-type equations is to use a time-harmonic ansatz,

p(t,x) = ↓(u(x) exp(→iεt)), (2.3)

for a frequency ε. Plugging this Ansatz into (2.1a) leads to the (homogeneous) Helmholtz
equation,

→!u(x)→ ε
2
u(x) = 0, x ↔ ”, (2.4a)

u fulfills some boundary conditions, x ↔ ω”, (2.4b)
u is radiating, ≃x≃ ⇐ ⇒. (2.4c)

Now as this equation is independent of the time, we refer to it as a equation in the frequency
domain. This approach is very common for modeling waves on unbounded domains, since in
the frequency domain it is possible to impose so called radiation conditions.

Since ” is unbounded, (2.4c) compensates for the missing boundary conditions. At this
point, we require radiation conditions in order to guarantee physically meaningful solutions.
In one dimension their meaning is rather intuitive.

In this case, the direction of propagation is unique, however, there exist so called scattered
(outgoing) and incoming solutions. Since incoming waves, are physically not meaningful,
one has to pose conditions in order to guarantee the solution only consists of scattering
parts (see, [Wes20, Section 2.2]). However, in higher dimensions the concept of radiation
conditions is non trivial, especially in the context of finite element approximation. That is
why we refer to [Wes20, Section 2.2] for more detail.

Although these issues arise, we mostly overcome them by applying the technique of
complex scaling. Through applying specific coordinate transformations, we alter the solution
outside the domain of interest in a way, that artificial reflections are avoided. In the
following chapters we will specify the tools for this approach mathematically, in order to
then implement and test them.
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3. Perfectly Matched Layers in the

Frequency Domain

A frequently used technique to model wave phenomena on open or unbounded domains
by absorbing outgoing waves, is called Perfectly Matched Layers. We will now clarify the
principle of absorption and start by focusing on the one dimensional framework to make the
concepts more intuitive and easier to grasp.

3.1. PMLs in one dimension

Consider the one dimensional Helmholtz problem for a given ε > 0 with a > 0 such that f is
compactly supported in the interval (0, a). We aim to find u : (0,⇒) ⇐ R such that,

→u
↑↑ → ε

2
u = f, (3.1a)

u(0) = 0, (3.1b)
lim
x↓↔

u
↑(x)→ iεu(x) = 0. (3.1c)

The last condition (3.1c) is the so called Sommerfeld radiation condition (SRC). It compen-
sates for the missing boundary condition at the right and guarantees physically reasonable
solutions, namely solutions that only consist of outgoing waves. The Sommerfeld radiation
condition represents a particular case of the radiation conditions. For more detail regarding
the SRC we refer to [CK13, Section 2.1].

The general solution to (3.1a) is given by,

u(x) = ϖ(x, a) exp(iεx) + ϱ(x, a) exp(→iεx), (3.2)

for some ϖ,ϱ. Note that the exp(→iεx) term corresponds to an unwanted incoming wave
for x ↘ a. Inserting the boundary conditions yields for x ↘ a a solution of the form,

u(x) = c exp(iεx), c ↔ C.

One now observes that u allows for x ↘ a a holomorphic extension to C. Hence we can
introduce a complex scaling,

x̃(x) :=

{
x, x < a,

x+ iς(x→ a), x ↘ a,
(3.3)

with ς > 0.

5



3. Perfectly Matched Layers in the Frequency Domain

For ũ(x) := u(x̃(x)) we obtain,

ũ(x) = c exp(→ςε(x→ a)) exp(iεx), x ↘ a. (3.4)

Ultimately we have altered the solution to (3.1) such that it remains unchanged in (0, a)
and decreases exponentially along the curve x ⇑⇐ x̃(x). The altered solution ũ is precisely
what we refer to as a damped solution. The variational formulation to find ũ ↔ H

1
0 (0,⇒) is

given by,
∫ a

0
ũ
↑
û
↑ +

1

1 + iς

∫ ↔

a
ũ
↑
û
↑ → ε

2
∫ a

0
ũû→ ε

2(1 + iς)

∫ ↔

a
ũû =

∫ a

0
fû, (3.5)

for all û ↔ H
1
0 (0,⇒).

In order to make (3.5) amenable to FEM discretizations, we truncate the domain to (0,T)
for some su!ciently large T > a and impose homogeneous Neumann or Dirichlet boundary
conditions at x = T. We expect an exponentially small truncation error, since the solution
decreases exponentially for x ⇐ ⇒. [NW22; Hal21].

3.2. PMLs in higher dimensions

In higher dimensions we follow the same formula as in the one dimensional case. We try
to decompose the solution to the Helmholtz equation and transform it in a way so that it
decays exponentially. However, the situation gets more complicated, since in free space R2

the direction of propagation is not unique.
We start by decomposing the solution into modes and transforming into polar coordinates

with x = rx̂, r > 0, x̂ ↔ B1(0),

u(rx̂) =
↔∑

n=→↔
(c1,nH

(1)
|n| (εr) + c2,nH

(2)
|n| (εr))#n(x̂).

Where H
(1)
n and H

(2)
n are the cylindrical Hankel functions of the first and second kind,

respectively and #n are the cylindrical harmonics.
The Hankel functions have a nice asymptotic behaviour (see e.g. [Wes20, Proposition

A.3], namely,

H
(1,2)
n (z) ⇓

√
2

φz
exp(±i(z → φn

2
+

φ

4
)). (3.6)

The Hankel functions of the first kind correspond to the outgoing waves, while those
of the second kind correspond to the unwanted incoming waves. That is why they can
be interpreted as the two dimensional generalization of the exponentials, from the one
dimensional framework.

According to [Wes20, Proposition 2.8] the radiation condition yields the solution,

u(rx̂) =
↔∑

n=→↔
cnH

(1)
|n| (εr)#n(x̂),

6



3. Perfectly Matched Layers in the Frequency Domain

for r > r0 such that all sources and obstacles are contained in the ball Br0(0).

We will now introduce specific complex transformations x̃(x), in order to get an exponentially
decreasing solution. To achieve this behavior, it is essential that that the transformation
x ⇑⇐ x̃(x) satisfies the property ⇔(x̃(x)) ⇐ ⇒ for |x| ⇐ ⇒.

3.3. Cartesian scaling

A particular popular choice, due to its straight forward implementation, is the cartesian
scaling method. The idea is to scale linearly in x and y direction to obtain x̃(x). Assume all
sources and inhomogeneties are contained in the box ”int = (a0, a1)↖ (b0, b1). We define for
some ς > 0 the complex scaling into ”ext = ” \ ”int as,

x̃(x) =

(
x̃

ỹ

)(
(x, y)↗

)

=

(
x

y

)
+ iς

(
(x→ a1)↼x>a1(x) + (x→ a0)↼x<a0(x)
(y → b1)↼y>b1(y) + (y → b0)↼y<b0(y)

)
.

(3.7)

where ↼x>a notates the characteristic function of the set {x : x > a}.
Denote by ũ(x) := u(x̃(x)) the complex scaled solution of the Helmholtz equation and by

Jx̃ the Jacobian matrix of the scaling x̃. Then ũ ↔ H
1(Rd) satisfies,

∫

!int

↙ũ ·↙û+

∫

!ext

(J→↗
x̃ ↙ũ) · (J→↗

x̃ ↙û) det Jx̃→ε
2
∫

!int

ũû→ε
2
∫

!ext

ũû det Jx̃ =

∫

!int

fû,

(3.8)
for all û ↔ H

1(R2).

To implement the PML formulation, the Jacobian Matrix of the mapping x̃ is needed,
which is given by,

J
(
(x, y)↗

)
= I+ iς

(
↼x<a0(x) + ↼x>a1(x) 0

0 ↼y<b0(y) + ↼y>b1(y)

)
, (3.9)

where I denotes the identity matrix. [BP13; NW22]

3.3.1. Parameter sensitivity analysis

The challenging aspect lies in the choice of the PML parameters, especially in selecting ς

suitably, as it directly influences the convergence rate of the scaled solution. Choosing just
a single parameter poorly, can lead to a bad resolution. One can distinguish between two
primary error sources.

On one hand choosing ς too small will lead to slowly decreasing solutions, which allows
unwanted incoming waves, since artificial reflections at the boundaries ω”ext are created.
On the other hand, choosing ς too large results in poor resolution of the solution near
the boundary region between ”ext and ”int. Since the scaled solution exhibits oscillatory

7



3. Perfectly Matched Layers in the Frequency Domain

behavior in ”int and decays exponentially in ”ext, numerical inaccuracies are particularly
likely to occur in this intermediate region. Moreover, such errors can propagate throughout
the entire domain, ultimately degrading the overall quality of the solution. In the following
we will examine how both ς and the order of the finite element basis function, influence
the quality of the (approximated) solution of (3.8). To be precise, we aim to approximate
the solution of (3.8), using a Gaussian point source as the right-hand side, for various PML
parameters. All model parameters are summarized in Table 1.

We select ς = 1 as the parameter for the reference solution, as it yields a stable and
convergent result with high resolution near the boundaries. Figure 1a illustrates how the
complex scaling preserves for the reference solution a natural, wave-like behavior within the
domain ”int and guarantees absorption within ”ext. Figure 1b further demonstrates the
exponential decay of the solution within the PML region ”ext, illustrated along a horizontal
cross-section in the x-direction.

(a) Real part of reference solution.

(b) Exponential decay of reference solution

in ”ext.

Figure 1.: Behavior of the reference solution

8



3. Perfectly Matched Layers in the Frequency Domain

We now investigate how solutions obtained with di"erent PML parameters behave in
comparison to the reference solution. Figure 2 shows the relative H

1-error in ”int for
various FEM orders and di"erent values of ς. The plot provides a clear representation of
the previously discussed error terms. We can see that both overly small and excessively
large choices of ς result in increased errors. However, if the parameter is only slightly
overestimated, the resulting error can be mitigated by using a higher order FEM space. This
approach is reasonable if the PML layer is relatively thin.

Figure 2.: relative H1-error in ”int for various PML parameters.
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4. Perfectly Matched Layers in the Time

domain

As we have briefly discussed in section 2.2, the wave equation and the Helmholtz equation
are coupled together through the (inverse) Fourier transformation. In chapter 3 we focused
only on positive frequency numbers ε. This does not pose a problem in the frequency
domain, since we can simply choose ε > 0. However, in order to go back to the time domain,
we need to apply the inverse Fourier transformation, which includes an integral over the
entire real axis with respect to ε (see, A.1). Therefore, simply replacing the factors of
→iε by time derivatives and solving the corresponding problem in the time domain will
result in exponentially increasing solutions. This is because the PML imposes actually an
incorrect radiation condition for negative frequency values. We try to avoid this problem by
introducing a frequency dependent damping parameter.[Joh21]

4.1. Time domain PMLs in one dimension

Consider the frequency dependent damping parameter ς(ε) := ω0
ε for some ς0 > 0. We

begin by stating the general first-order variational Helmholtz equation.

Find p ↔ H
1
0 (0,⇒) and v ↔ L2(0,⇒), such that

→iε

∫ a

0
vv̂ → iε(1 + iς0/ε)

∫ ↔

a
vv̂ →

∫ ↔

0
p
↑
v̂ =

∫ a

0
fv̂, (4.1a)

→iε

∫ a

0
pp̂→ iε(1 + iς0/ε)

∫ ↔

a
pp̂+

∫ ↔

0
vp̂

↑ = 0. (4.1b)

for all p̂ ↔ H
1
0 (0,⇒) and v̂ ↔ L2(0,⇒). It is useful to rewrite this into,

→iε

∫ ↔

0
vv̂ = →ς0

∫ ↔

a
vv̂ +

∫ ↔

0
p
↑
v̂ +

∫ a

0
fv̂, (4.2a)

→iε

∫ ↔

0
pp̂ = →ς0

∫ ↔

a
pp̂→

∫ ↔

0
vp̂

↑
. (4.2b)

Since (4.2) depends explicitly on the sign of ε, this formulation ensures correct outgoing
solutions for both positive and negatives values of ε. Therefore, applying the inverse Fourier
transformation leads to the following system, which now also provides exponentially damped

10



4. Perfectly Matched Layers in the Time domain

solutions,

ωt

∫ ↔

0
vv̂ = →ς0

∫ ↔

a
vv̂ +

∫ ↔

0
ωxp v̂ +

∫ a

0
fv̂, (4.3a)

ωt

∫ ↔

0
pp̂ = →ς0

∫ ↔

a
pp̂→

∫ ↔

0
v ωxp̂. (4.3b)

We denote the functions in the time domain the same as the ones in the frequency domain.
However, we equip the necessary time domain functions with homogeneous initial conditions
at t = 0. Now again, to make (4.3) feasible for FEM discretizations, one has to truncate the
domain to (0, T ) for some T > a su!ciently large.

4.2. Time domain PMLs in higher dimensions

Now, we generalize the one dimensional framework and regard higher dimensions. This
means, we aim to extend the idea of section 3.2 in a way, such that it works for all frequency
numbers. Consequently, the corresponding equations are transformed back into the time
domain.

As usual, we start with the first-order variational Helmholtz equation for bounded ”.
Find p ↔ H

1
0 (”) and v ↔ L2(”)2, such that

→iε

∫

!
v · v̂ →

∫

!
↙p · v̂ =

∫

!
fv̂, (4.4a)

→iε

∫

!
pp̂+

∫

!
v ·↙p̂ = 0. (4.4b)

for all p̂ ↔ H
1
0 (”) and v̂ ↔ L2(”)2.

As done in chapter 3, we introduce a complex scaling x ⇑⇐ x̃(x), which separates ” into
”int and ”ext. This yields,

→iε

∫

!
v · v̂ det Jx̃ →

∫

!
J
→↗
x̃ ↙p · v̂ det Jx̃ =

∫

!int

fv̂, (4.5a)

→iε

∫

!
pp̂ det Jx̃ +

∫

!
v · J→↗

x̃ ↙p̂ det Jx̃ = 0. (4.5b)

where Jx̃ denotes the Jacobian matrix of the complex mapping x̃. One now observes
that Jx̃ possibly depends explicitly on ε, therefore (4.5) might depend rationally on →iε.
Ultimately, we want to apply the Fourier transformation to the system, but since these
rational expression lead to convolution operators in time, we have to get rid of them. Usually
this is done by introducing auxiliary functions. [Joh21; NW22]
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4. Perfectly Matched Layers in the Time domain

4.3. Time domain Cartesian scaling

We start by replacing v, v̂ with their Piola transform v = 1
det Jx̃(x)

Jx̃(x)v̌ and v̂ = 1
det Jx̃(x)

Jx̃(x)ˇ̂v

in (4.5) to obtain,

→iε

∫

!
v̌ · J↗

x̌ Jx̃
ˇ̂v

1

det Jx̃
→
∫

!
↙p · v̂ =

∫

!int

fv̂, (4.6a)

→iε

∫

!
pp̂ det Jx̌ +

∫

!
v̌ ·↙p̂ = 0. (4.6b)

Similarly to the derivation in section (3.3), we compute the expressions Jx̃ and det Jx̃ in
(4.6) with ς(ε) := ω0

ε .

Jx̃(x) =






(
1→ ω

iε 0

0 1

)
, x ↔ ”lr,

(
1 0

0 1→ ω
iε

)
, x ↔ ”tb,

(
1→ ω

iε 0

0 1→ ω
iε

)
, x ↔ ”c,

I, x ↔ ”int,

(4.7)

det Jx̃(x) =






1→ ω
iε , x ↔ ”lr ∝ ”tb,(

1→ ω
iε

)2
, x ↔ ”c,

1, x ↔ ”int,

(4.8)

with

”lr = {(x, y) : x ↔ (a0, a1)
c
, y ↔ (b0, b1)},

”tb = {(x, y) : x ↔ (a0, a1), y ↔ (b0, b1)
c},

”c = R2 \ (”int ∝ ”tb ∝ ”lr),

”int = {(x, y) : x ↔ (a0, a1), y ↔ (b0, b1)}.

Further computations provide,

→iε det Jx̃(x) =






→iε + ς, x ↔ ”lr ∝ ”tb,

→iε + 2ς→ ω2

iε , x ↔ ”c,

→iε, x ↔ ”int,

(4.9)

and
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4. Perfectly Matched Layers in the Time domain

→ iε

det Jx̃(x)
Jx̃(x)

↗
Jx̃(x) =






(
→iε + ς 0

0 →ik → ς+ ω2

→iε+ω

)
, x ↔ ”lr,

(
→iε → ς+ ω2

→iε+ω 0

0 →iε + ς

)
, x ↔ ”tb,

→iεI, x ↔ ”int ∝ ”c.

(4.10)

In order to eliminate the unwanted fractions of →iε, which would otherwise lead to
convolution or integral operators in the time domain, we introduce two auxiliary functions k
and z that satisfy,

→iε

∫

!c

kk̂ = ς
2
∫

!c

pk̂, ↗k̂ ↔ H
1(”c), (4.11)

→iε

∫

!tb↘!lr

z · ẑ = ς
2
∫

!tb↘!lr

v̌ · ẑ → ς

∫

!tb↘!lr

z · ẑ, ↗ẑ ↔ H
1(”tb ∝ ”lr)

2
. (4.12)

Altogether, this yields a system that allows us to conveniently transform it back into the
time domain, which is then given by,

ωt

∫

!
v̌ · ˇ̂v = →ς

∫

!lr

v̌ · nn↗ · ˇ̂v + ς

∫

!lr

v̌ · (I → nn
↗) · ˇ̂v →

∫

!lr

z · (I → nn
↗) · ˇ̂v

+ ς

∫

!tb

v̌ · nn↗ · ˇ̂v →
∫

!tb

z · nn↗ · ˇ̂v → ς

∫

!tb

v̌ · (I → nn
↗) · ˇ̂v +

∫

!
↙p · v̂ →

∫

!int

fp̂,

ωt

∫

!
pp̂ = →ς

∫

!lr↘!tb

pp̂→ 2ς

∫

!c

pp̂→
∫

!c

kp̂→
∫

!
v̌ ·↙p̂,

ωt

∫

!c

kk̂ = ς
2
∫

!c

pk̂,

ωt

∫

!tb↘!lr

z · ẑ = ς
2
∫

!tb↘!lr

v̌ · ẑ → ς

∫

!tb↘!lr

z · ẑ.

(4.13)
where,

n =

{
(1, 0)↗, ”lr,

(0, 1)↗, ”tb.

Note that we use the same symbols for the time domain functions as for the frequency
domain ones. We only equip the necessary time domain functions with homogeneous initial
values at t = 0. This system corresponds to the standard form of a damped wave equation in
the time domain. It can be numerically approximated using suitable time-stepping schemes,
such as finite di"erence or Runge-Kutta methods, depending on the desired accuracy and
stability requirements. [IMN+25]
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5. Generalized problem formulation and

discretization

In the following chapter, we focus mainly on deriving a precise formulation of the Helmholtz
problem and discussing how to discretize it in a reasonable way. Consequently we will
derive di"erent discretizations for both, the exterior and the interior part of the domain
and finally couple them again. We have already seen in chapter 3 and 4 that the complex
mapping x ⇑⇐ x̃(x) determines the interior subdomain ”int and the exterior subdomain ”ext
heavily. We therefore start by introducing the exterior coordinates in a more general way.
Throughout the whole chapter we will closely follow the approaches presented in [NW22,
Section 3] and [Wes20, Section 6]. Furthermore, we assume from now on that the conditions
from A.2 are satisfied.

5.1. Complex scaling into exterior coordinates

Following the definition as in [Wes20, Definition 3.1], we begin with recalling the concept of
(complex scaled) exterior coordinates.

Definition 5.1. Let ”,”int,”ext,$ ′ R2 be such that A.2 is fulfilled. Moreover, let
v : $ ⇐ Rd be continuous and piecewise smooth.

(C1) the mapping

% :

{
R>0 ↖ $ ⇐ ”ext,

(↽, x̂) ⇑⇐ x̂+ ↽v(x̂),
(5.1)

is a bijection.

Then we call the mapping % an exterior coordinatization of ”ext. The mappings ↽, x̌,
given by

(↽(x), x̂(x)) := %→1(x),

are called exterior coordinates.

In our definition we omitted some conditions since they are satisfied in standard cases.
For more detail we refer to [Wes20, Chapter 3].

Since we want to apply a complex scaling to star-shaped domains, we use Definition 5.1
to define complex scalings into exterior coordinates. For us the most important framework
is in the context of star-shaped domains. Here v is definied as v(x̃) := x̃ →m, where m
denotes a chosen star-shaped center of ”int.
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5. Generalized problem formulation and discretization

Definition 5.2. Let ”, ”int, ”ext, $ and %, v be as in Definition 5.1. Then, for ⇀ ↔ C\{0},
we define the mapping

%ϑ :

{
R>0 ↖ $ ⇐ C2

,

(↽, x̂) ⇑⇐ x̂+ ⇀↽v(x̂),
(5.2)

and call %ϑ(R>0,$) the complex-scaled exterior domain.

Since the complex scaled solution is exponentially decaying and therefore square-integrable,
we can pose the weak formulation of the (complex scaled) Helmholtz problem. Thus, we
define the following (bi)-linear forms,

mint(ϖ,ϱ) :=

∫

!int

ϖ(x)ϱ(x) dx,

sint(ϖ,ϱ) :=

∫

!int

↙ϖ(x) ·↙ϱ(x) dx,

m
ϑ
ext(ϖ,ϱ) :=

∫

!ext

ϖ(x)ϱ(x) det Jϑ(x) dx,

s
ϑ
ext(ϖ,ϱ) :=

∫

!ext

(
Jϑ(x)

→T↙ϖ(x)
)
·
(
Jϑ(x)

→T↙ϱ(x)
)
det Jϑ(x) dx,

r
ϑ(ϱ) :=

∫

!int

f ϱ dx.

We are now in a position to provide a precise formulation of the complex scaled Helmholtz
problem [NW22, Section 2.3].

Problem 5.3. Find p ↔ H
1(”), such that

sint(p, p̂) + s
ϑ
ext(p, p̂)→ ε

2 (mint(p, p̂) +m
ϑ
ext(p, p̂)) = r

ϑ(p̂)

for all p̂ ↔ H
1(”).

Since we are further interested in applying numerical methods to Problem 5.3, we begin
by discretizing it in a suitable way.

5.2. Discrete formulation of the complex scaled Helmholtz
problem

As usual, we start with picking a family of linearly independent functions,

BN := {b0, . . . , bN } ′ H
1(”),

and define the discrete space XN by

XN := span(BN ) ′ H
1(”).

Furthermore we define mass- and sti"ness matrices by

M := (Mi,j)i,j=0,...,N , S := (Mi,j)i,j=0,...,N ,
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5. Generalized problem formulation and discretization

composed of the corresponding interior and exterior parts

Mi,j = mint(bi, bj) +m
ϑ
ext(bi, bj),

Si,j = sint(bi, bj) + s
ϑ
ext(bi, bj).

Discretizing the right-hand side of 5.3, leads to,

r := (ri)i=0,...,N ,

with
ri = r(bi).

This allows us to formulate a discrete version of problem 5.3.

Problem 5.4. Find p ↔ XN , such that

Mp→ ε
2Sp = r.

5.3. Interior Discretization

For the discretization of the interior domain ”int, basically any discrete space

Xint := span{bj , j = 0, . . . L}, (5.3)

is feasible, however, as we will see in chapter 5.4, we furthermore need the property that the
trace space

Xint|” := {tr”f : f ↔ Xint} ′ H
1($), (5.4)

is an admissible finite subspace. This is required because we will use precisly this trace space
as the finite element subspace of the surface space.

5.4. Exterior Discretization

In this section, we make use of the specific structure of the exterior domain to develop a
simple discretization method that avoids the need of explicit meshing. As we have derived in
Definition 5.1, we can identify the exterior domain ”ext, via the mapping %, with R>0 ↖ $.

Let

BN := {⇁n : n = 0, . . . , N} ′ H
1(R≃0),

BM := {ζn : n = 0, . . . , N} ′ H
1($),

be families of linear independent functions. Based on these, we define discrete function
spaces over R≃0 and $, by

XN
R := span(BN ) ′ H

1(R≃0), XM
” := span(BM ) ′ H

1($).

To discretize the exterior problem, we build a tensor product space of the form

XN
R ∞ XM

” := span {⇁∞ ζ : (↽, x̌) ⇑⇐ ⇁(↽)ζ(x̌) | ⇁ ↔ BN , ζ ↔ BM} .
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5. Generalized problem formulation and discretization

Note that a reasonable choice for the finite element subspace of H1($) is given by, trace
space of the interior space, Xint|”.

In order to assemble the entries of the mass and sti"ness matrices we must evaluate the
exterior bilinear forms for all combinations of basis functions. Since our basis functions
are expressed as products of radial and tangential components, the bilinear form naturally
decomposes into corresponding radial and tangential contributions (see, [NW22, Chapter 2
and 3] and [Wes20, Chapter 6]).

5.5. Coupling the interior and the exterior part

In our case, we will create a suitable finite element space by taking a truncated radial
domain (0, T ) for some su!ciently large T > 0, pick the surface discretization of $, which is
determined by the discretization of ”int and build the previously discussed product space.
Lastly, we couple the interior and the exterior problem in a way, that the resulting basis
functions are continuous on ”, with the aim of receiving a H

1-conform basis (for more detail,
see [Wes20, Section 6.2.3]). This approach is reasonable, since we again expect exponentially
decaying solutions and therefore assume that the truncation error decreases exponentially
with respect to T .

m

!

”int

”ext

Figure 3.: Schematic representation of the exterior finite element product space for
star-shaped domains.

In Figure 3, we present a schematic representation of the exterior product space. As
presented, the surface discratization (illustrated in red), together with the radial discretization
(illutstrated in grey) directly defines the resulting exterior product space mesh (illustrated
in blue).
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6. Implementation

From now on, our main objective lies in deriving a suitable set up for more generalized
complex scalings and further providing numerical methods to model source problems on
unbounded domains. Therefore we transform systems of the frequency domain, back into
the time domain, to solve source problems in the time domain. First, we collect relevant
information from previous chapters, to implement and test them.

6.1. Complex scalings into star-shaped coordinates

In this chapter we will present numerical tests of solving discrete source problem in the
specific case of so called star-shaped coordinates. Defined as in 5.1, star-shaped coordinates
describe the exterior domain by a surface coordinate and a radial coordinate with respect to
some star shape point m. In Figure 4 we present an example of star-shaped coordinates. As
illustrated, v is defined by the star-shaped characteristics of ”int.

Figure 4.: An example of star-shaped coordinates in two dimensions [Wes20,
Figure 7.2].

As derived in [Wes20, Section 7.2.2], the exterior part of the sesquilinear form for star-shape
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6. Implementation

coordinates is given by,

a
ϑ(ε)(ϖ,ϱ) :=

1

⇀(ε)

∫

R>0⇐”

(1 + ⇀(ε) ↽)2

n(x̂) · v(x̂)
ω

ω↽
ϖ(↽, x̂)

ω

ω↽
ϱ(↽, x̂) d(↽, x̂) (6.1a)

→ ⇀(ε)

4

∫

R>0⇐”

1

n(x̂) · v(x̂)ϖ(↽, x̂)ϱ(↽, x̂) d(↽, x̂) (6.1b)

→
∫

R>0⇐”

(1 + ⇀(ε) ↽)v(x̂)

n(x̂) · v(x̂) ·
(
↙ϖ(↽, x̂)


ω

ω↽
ϱ(↽, x̂) d(↽, x̂) (6.1c)

→
∫

R>0⇐”

(1 + ⇀(ε) ↽)v(x̂)

n(x̂) · v(x̂)

(
ω

ω↽
ϖ(↽, x̂)

)
· ↙ϱ(↽, x̂) d(↽, x̂) (6.1d)

→ ⇀(ε)

2

∫

R>0⇐”

v(x̂)

n(x̂) · v(x̂) ·
↙(ϖ(↽, x̂)ϱ(↽, x̂)) d(↽, x̂) (6.1e)

+ ⇀(ε)

∫

R>0⇐”

≃v(x̂)≃2

n(x̂) · v(x̂)

(
↙ϖ(↽, x̂)

↗
· ↙ϱ(↽, x̂) d(↽, x̂) (6.1f)

→ 1

2

∫

”

1

n(x̂) · v(x̂)tr”ϖ(x̂) tr”ϱ(x̂) dx̂ (6.1g)

→ ε
2
⇀(ε)

∫

R>0⇐”
(1 + ⇀(ε) ↽)2 n(x̂) · v(x̂)ϖ(↽, x̂)ϱ(↽, x̂) d(↽, x̂). (6.1h)

where ↙ϖ denotes the surface gradient, defined by,
(
↙ϖ

 (
-(▷)

)
:=

(
D-(▷)†

↗
↙ϖ

(
ϖ ∈ -

)
(▷).

In the following sections we will focus on specific complex scalings of the form,

⇀(ε) := 1 +
ς

◁ → iε
↔ C, (6.2)

with ς, ◁ ↔ R.

In addition, we will examine, how choosing ς and ◁ di"erently will influence the complex
scaling and therefore the behavior of the solution.

6.2. Derivation of an adapted formulation

However, when inserting this specific choice of ⇀ into (6.1), some di!culties arise. As we
aim to apply the Fourier transformation to the discrete Helmholtz problem 5.4, we want to
make sure no rational dependencies of →iε are contained, otherwise these terms result in
convolution operators in time. However, (6.1f) for instance, will precisely lead to such an
unwanted fraction. With the choice of ⇀ as in (6.2), (6.1f) takes the form as,

+

∫

R>0⇐”

≃v(x̂)≃2

n(x̂) · v(x̂)

(
↙ϖ(↽, x̂)

↗
· ↙ϱ(↽, x̂) d(↽, x̂)

+
ς

◁ → iε

∫

R>0⇐”

≃v(x̂)≃2

n(x̂) · v(x̂)

(
↙ϖ(↽, x̂)

↗
· ↙ϱ(↽, x̂) d(↽, x̂).

(6.3)
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6. Implementation

Thus, we introduce an auxiliary function h1 ↔ H
1(”ext) as,

h1(↽, x̂) :=
ς

◁ + (→iε)
ϖ(↽, x̂),

such that (6.3), takes the form,

+

∫

R>0⇐”

≃v(x̂)≃2

n(x̂) · v(x̂)

(
↙ϖ(↽, x̂)

↗
· ↙ϱ(↽, x̂) d(↽, x̂)

+

∫

R>0⇐”

≃v(x̂)≃2

n(x̂) · v(x̂)

(
↙h1(↽, x̂)

↗
· ↙ϱ(↽, x̂) d(↽, x̂).

(6.4)

Altogether, six auxiliary functions are needed to eliminate all undesired fractions of →iε

and to reduce the order in →iε.
To be precise we define,

h1(↽, x̂) :=
ς

◁ + (→iε)
ϖ(↽, x̂),

h2(↽, x̂) := →iε h1(↽, x̂),

h3(↽, x̂) :=
ς

◁ + (→iε)
h2(↽, x̂),

h4(↽, x̂) :=
ς

◁ + (→iε)
ϖ(↽, x̂),

h5(↽, x̂) := →iε ϖ,

h6(↽, x̂) :=
ς

ς+ ◁ + (→iε)
ϖ,

(6.5)

such that the adapted bilinearforms m̃ϑ
ext and s̃

ϑ
ext now additionally depend on these auxiliary

functions, as shown in A.5. This allows us to introduce the following formulation of the
first-order complex-scaled Helmholtz equation into star-shaped coordinates.

Problem 6.1. Find p, q ↔ H
1(”int),g ↔ H

1(”ext)6, such that

sint(p, p̂,g,h)→mint(q, q̂,g,h) + m̃
ϑ
ext(p, p̂,g,h)+

+(→iε) [s̃ϑext(p, p̂,g,h) +mint(q, p̂,g,h) +mint(p, q̂,g,h)] = r(p̂)
(6.6)

for all p̂, q̂ ↔ H
1(”int),h ↔ H

1(”ext)6.

With,

mint(ϖ,ϱ,g,h) :=

∫

!int

ϖ(x)ϱ(x) dx,

sint(ϖ,ϱ,g,h) :=

∫

!int

↙ϖ(x) ·↙ϱ(x) dx,

r(ϱ) :=

∫

!int

f ϱ dx,

and m̃
ϑ
ext, s̃

ϑ
ext as in A.5.

In the following, we construct the interior and exterior finite element spaces, as previously
outlined in Chapter 5. Applying this discretization to Problem 6.1 results in the following
formulation.

20



6. Implementation

Problem 6.2. Find p such that

→iεMp+ Sp = r. (6.7)

In the continuous problem formulation 6.1, the bilinearforms depend on auxiliary functions,
represented by h and g, in addition to the primary variables p, p̂ and q, q̂. These auxiliary
functions arise from preparation and reductions of the system, to obtain a formulation that
is amenable to the Fourier transformation and results in a well posed system in the time
domain.

As presented in A.5, h is known to contain only scalar multiples of the primary functions p
and q. Thus, we chose to omit their explicit appearance in the discrete problem formulation
6.2. We combined the primary and auxiliary functions into the vector p so that its dimension
matches those of the system matrices M and S. Furthermore, r denotes the corresponding
right hand side. Compared to Problem 5.4, this formulation leads to an increased system
size due to the implicit inclusion of the auxiliary functions.

6.3. Solving the time-domain source problem

So far, we have prepared the necessary framework to introduce a well posed time-domain
formulation to solve the source problem. Now we only need to transform Problem 6.2 into
the time-domain, by applying the inverse Fourier transformation. Thanks to introducing
the auxiliary functions, the transformed time-domain problem is well-posed.

Problem 6.3. Find p such that
Mṗ+ Sp = r. (6.8)

In order to pose a coherent discrete problem formulation for the wave equation, one has
to equip problem 6.3 with a suitable initial condition p0, representing the initial state. This
condition must be chosen carefully, since only a subset of the entries of p corresponds to the
solution within the interior domain ”int. Since the functions in 6.5 are defined only in the
frequency domain, we need to equip them with homogeneous initial conditions at t = 0, to
ensure well-posedness of the problem in the time domain. Similarly to section 4.3, we do
not distinguish between the symbol of the functions in the frequency domain and the time
domain.

Assume, similarly to (2.2), p0 and p1 represent the initial state and acceleration of the
wave in the interior domain, and p0 represents these in the format of problem 6.3. Then the
equations to be solved can be formulated as,

Mṗ(t) + Sp(t) = r(t),

p(t0) = p0.
(6.9)

Note that system (6.9) only depends on a single variable p. This is because we have
combined the functions from Problem 6.1 into a single vector, with the internal couplings
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between these functions fully represented. As a result, the interactions that would normally
appear as separate terms are already incorporated into the assembled matrices, allowing the
system to be expressed solely in terms of p. As already briefly discussed in section 2.1 one
common way of solving (6.9) is to apply the Crank-Nicolson method. However, in contrast
to Algorithm A, the following version of the Crank-Nicolson method reduced to solving only
one equation.

Algorithm B (Crank–Nicolson in one variable).
At each time step with step size ϑ > 0:
Solve:

M(
pn+1 → pn

ϑ
) + S(p

n+1 + pn

2
) =

rn+1 + rn

2

Recalling that p denotes the wave in the interior domain ”int. According to [Jün23,
Section 7.3], the wave equation system preserves energy when the right hand side f = 0. To
be precise, the energy defined by,

E(t) =

∫

!
(ωtp(x, t)

2 + |↙p(x, t)|2) dx, (6.10)

remains constant in time. Furthermore the Crank-Nicolson method preserves this quantity,
even in the discretized framework, (see, e.g. [MF24, Section 3.2.3]).
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7. Numerical tests and results

In the following, we will numerically investigate the behavior of the solution that our method
yields. We will see how our method provides stable solutions in standard settings. However,
since previous studies have reported instabilities in more challenging configurations, we
further examine the robustness and applicability of our method. We show that appropriate
parameter tuning ensures stable solutions in all tested settings.

7.1. First results

We begin by solving (6.9) on a squared domain, using a point source as the initial condition
p0 and a homogeneous right-hand side. All model parameters are summarized in Table 2.

(a) Scaled solution at t = 0. (b) Scaled solution at t = 0.4.

(c) Scaled solution at t = 0.6. (d) Scaled solution at t = 4.

Figure 5.: Solution of the complex-scaled wave equation (6.9) for various times t in
”int. The color bar ranges from →0.05 (dark blue) to 0 (light blue) to 0.2 (red).

Figure 5 illustrates the evolution of the solution to (6.9) at various times t in ”int. Image
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7. Numerical tests and results

5a shows the initial state p0, while Figures 5b and 5c illustrate the propagation of the scaled
solution. In particular, Figure 5c provides a clear demonstration of how the wave energy
exits ”int. In 5d we see that the damping ensures that no artifacts occur.

Figure 6.: Energy of solution in ”int.

Figure 7.: H1-Norm of solution in ”int.

Figure 6 illustrates the decay of the energy of the scaled solution, as defined in (6.10). As
long as the wave peak remains entirely within the interior domain, the energy is conserved.
Once the wave enters the exterior domain, however, the energy decreases, since the damping
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7. Numerical tests and results

in ”ext is designed to produce precisely this e"ect. Figure 7 illustrates that the solution
remains damped, with almost no reflections returning to the interior domain. The red dotted
line indicates approximately the time at which the wave peak first reaches the boundary $.

We are furthermore interested in how the scaled solution exhibits in the interior domain in
comparison to an unscaled reference solution. We expect that the error1 between the scaled
and the reference solution decreases as the mesh is refined. Naturally, this comparison is only
meaningful up to the point where the wave propagates through $. All model parameters are
summarized in Table 4.

Figure 8.: Relative L
2–error between the scaled and reference solutions for

di"erent mesh sizes.

Figure 9 shows the temporal evolution of the energy (6.10) in the interior domain for
the scaled and unscaled solutions. Compared to the scaled solution, the unscaled solution
reflects at the boundary of ”ext, which leads to an increase in energy at later times. All
model parameters are summarized in Table 5.

Figure 9.: Energy of scaled and unscaled solution in ”int.

1defined as
→pref↑p→2

L2

→pref→2
L2
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7. Numerical tests and results

7.2. Observation of Instabilities

In [RSS12] Ruprecht et. al present the pole condition approach for transparent boundary
conditions for time-dependent, two dimensional problems, aiming to suppress physically
unmeaningful modes when solving PDEs on open domains. While the method performs
well for the application on Schrödinger and drift-di"usion equations, it exhibits numerical
instabilities for wave-type equations. As presented in [NW22], the approach from [RSS12] is
equivalent to our complex scaling method, however, di"erent basis functions for the finite
element space were used. We try to explain the cause of this instability and will take a
closer look at the underlying eigenvalues.

As shown in [RSS12, Figure 4.10], their method unexpectedly yielded poorer results when
using higher-order discretizations.

Figure 10.: Recreation of instability from [RSS12]. Energy defined as in 6.10, for
various FEM sizes.

Figure 10 reflects the results of [RSS12] within our specific setting, where the energy is
again defined as in 6.10. However, in order to recreate a framework that resembles this
instability, we had to choose very specific settings (see, Table 6). Within our formulation,
the method described in [RSS12] can be recovered by choosing ◁ = 0. In the following we
explain this behavior by examining the underlying eigenvalues of the system.

7.2.1. Stability Analysis

We have already see in Section (7.1) that our method produces reasonable solutions. In
particular, the solutions exhibit a natural wave-like behavior within ”int and are damped
outside the domain of interest, thereby preventing unphysical reflections. However, in the
setting of Figure 10 we have seen that numerical instabilities occurred. Therefore we want
to provide a general reasoning how parameter choices influence the stability of the solution
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7. Numerical tests and results

to 6.9, even for larger time scales. Rather than directly investigating the behavior of the
solution itself, we can analyze the eigenvalues of the frequency-domain system matrices in
Problem 6.2, because they give insight on the stability of the solution. Eigenvalues provide
direct information about the stability properties of the system and allow one to infer the
qualitative behavior of the solution without performing long time computations.

Stability Analysis via Eigenvalues

We begin by recalling the homogeneous Helmholtz problem,

→!u(x)→ ε
2
u(x) = 0. (7.1)

If, for a given frequency ε, there exists a non trivial function uε that solves (7.1), we call
ε eigenfrequency with respective eigenfunction uε. Assuming that there exists a complete
system of orthonormal eigenfunction uεn , n ↔ N0 of the operator →! with suitable boundary
conditions, then the solution of (7.1) can be decomposed into,

u(x) =
↔∑

n=0

(f, uεn)

ε2
n → ε2

uεn(x). (7.2)

[Wes20, Section 1.1]
As the inverse Fourier transformation yields exponential factors e

→iεnt, the imaginary
parts of the eigenfrequencies determine the asymptotic behavior of the time-domain solution
[Obe90, Section 1.3]. The same theory can be applied in the discretized framework. However,
in this case the decomposition into basis function is guaranteed since the solution belongs to
the finite element space. Therefore we can investigate stability of the time domain solution
by computing the eigenvalues of,

→iεMp+ Sp = 0. (7.3)

In the following we investigate the eigenvalues of (7.3) for di"erent finite element approxi-
mations.

According to [Wes20, Section 5.4], the essential spectrum consists of all frequencies ε that
satisfy

arg(⇀(ε)) ↔ [φ → µ,φ + µ], (7.4)

as well as the frequencies that lie on the explicitly defined curve

↓
(
→iε

(
1 +

ς

◁ → iε

))
= 0, (7.5)

where µ is determined by the radial component v and the geometry of ”int. This suggests
that in our framework the star-shape center m, as well as the parameters ς and ◁ determine
the location of the eigenfrequencies in the complex plane. For more detail regarding the
essential spectrum we refer to [Wes20, Section 5].
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7. Numerical tests and results

(a) Resonances for ◁ = 0,m = (0, 0). (b) Resonances for ◁ = 2.0,m = (0, 0).

(c) Resonances for ◁ = 0,m = (0.45, 0.45). (d) Resonances for ◁ = 2.0,m = (0.45, 0.45).

Figure 11.: Comparison of computed resonances for di"erent parameters.

Figure 11 illustrates how di"erent choices of ◁ and m determine the location of the essential
spectrum in the complex plane. The resonances on the blue and green lines correspond to
those defined by (7.5), while the others belong to (7.4). Figure 11a shows the configuration
for a favorable star-shaped center m and ◁ = 0. Because ◁ = 0, the positive and negative
branches of (7.5) align. Overall, all resolved frequencies have a non-positive imaginary part,
ensuring stability in the time domain. When a positive ◁ is introduced, as shown in Figure
11b, the curve from (7.5) splits. More importantly, the introduction of ◁ shifts the resonances
corresponding to (7.4) downwards in the complex plane. In contrast, the less favorable
configuration shown in Figure 11c reveals eigenfrequencies with strictly positive imaginary
parts. Precisely this scenario occurred in the setting of Figure 10. The unintuitive behavior,
where a higher FEM resolution leads to poorer results, can be explained as follows. The
unfavorable geometric configuration caused the appearance of eigenfrequencies with positive
imaginary parts, which are responsible for the system’s instability in the time domain. While
su!ciently fine discretizations resolve a wider range of these unstable frequencies, low-quality
discretizations leave many of them unresolved. Consequently, a low-order FEM discretization
gives the impression of a stable method, even though this stability is merely apparent. By
introducing a ◁ > 0, the part of the essential spectrum with positive imaginary parts can
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7. Numerical tests and results

be shifted into the lower half-plane, leading to numerically stable solutions in the time
domain. Throughout all tests investigating resonances, we followed a shift-and-invert Arnoldi
approach for resolving desired eigenfrequencies. All model parameters are summarized in
Table 7.

7.3. Further results through stability improvements

In the previous sections, we have observed that certain instabilities may arise under unfa-
vorable conditions. With the knowledge gained from the previous section, we now aim to
identify special parameter settings, enabled by our specific definition of ⇀ (see, 6.2), that
guarantee robustness. Following the approach in [HKW24, Section 5], we attempt to adjust
parameters to shift the spectrum toward favorable regions.

Figure 12.: Robustness of our method for several mesh sizes, (see, Table 8).

Even in the unfavorable case that led to unstable solutions shown in Figure 10, our method
guarantees robustness. By replacing ◁ = 0 with ◁ = 2.0, our method yields stable solutions.
As illustrated in Figure 12, increasing the degrees of freedom of the finite element space does
not lead to any instabilities. The additional flexibility introduced through the parameter
◁ further enhances robustness. As shown in Figure 11, ◁ e"ectively shifts the essential
spectrum in the complex plane. By tuning ◁, it becomes possible to shift the spectrum
into the negative imaginary domain, thereby ensuring stability. We have now achieved the
desired state, in which increasing the discretization quality not only ensures that the solution
remains damped in ”ext, but also causes the energy in ”int to decay even faster.
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8. Conclusion and Outlook

In this thesis, we first examined existing Perfectly Matched Layer methods and approaches
for solving source problems in open systems, with particular attention to how parameter
tuning influences the quality of the solutions. Building on this foundation, we introduced a
more general framework based on the findings of [Wes20]. Using these results, we derived a
method for solving source problems on star-shaped domains that yields numerically stable
solutions. Furthermore, we applied our method to the framework studied in [RSS12], where
their approach had failed for wave-type equations, and provided a theoretical explanation
for the reasons behind this failure. Our results demonstrated that the proposed method
successfully resolves these issues and produces stable and accurate solutions. Finally,
we o"ered practical guidance on parameter tuning to ensure robustness across di"erent
geometries and configurations.

Open questions remain concerning a detailed analysis of the essential spectrum—specifically,
how the interplay between geometry and the radial scaling component determines its location
in the complex plane, especially for more advanced geometries. It also remains to be
investigated whether, even for favorable choices of star-shaped center points (such as those
located at the geometric center), higher spatial resolution might lead to eigenfrequencies
with positive imaginary parts (with ◁ = 0, in our specific choice of ⇀), and thus to unstable
solutions in the time domain.
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A. Appendix

A.1. The Fourier transformation

We start by introducing the (inverse) Fourier transform.

Definition A.1. Let f ↔ L
1(Rn). We define the Fourier transform of f by:

f̂(y) :=
1

(2φ)n/2

∫

Rn
e
→ix·y

f(x) dx (y ↔ Rn)

The inverse Fourier transform is given by:

f̌(y) :=
1

(2φ)n/2

∫

Rn
e
ix·y

f(x) dx (y ↔ Rn)

As proven in [Eva10, Section 4.3.1], the (inverse) Fourier transform fulfills some important
properties.

Theorem A.2 (Properties of Fourier transform). Assume f ↔ L2(R), then:

Dωf = (iy)ωf̂ for each multiindex ς such that Dω
f ↔ L

2(Rn),

f = ˇ̂
f

A.2. Preliminaries

In the following let ”int,”ext,”,$ ′ R2. Moreover, we assume that these sets fulfill the
following assumptions:

(B1) ”int,”ext,”, ∋= △ are open domains and $ is a 1-dimensional manifolds,

(B2) the sets ”int,$ and ”ext are pairwise disjoint

”int ∝ $ ∝ ”ext = ”, and $ = ω”int,

(B3) ”int is bounded and

(B4) ω”,$ are locally Lipschitz.
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A.3. Model parameters for various numerical tests

Parameter Value Notes

ε 10 frequency
ς 1 PML parameter
p0 exp

(
→42

(
(x→ 0.2)2 + (y → 0.2)2

))
initial condition

p1 0 initial condition
f 0 right-hand side
maxh 0.2 max. mesh size
order 4 order of FE-space basis polynomials
”int [0, 2]2 interior domain
”ext [0, 4]2 \ ”int exterior domain

Table 1.: Problem setup and model parameters for the Cartesian-scaled Helmholtz
equation.

Parameter Value Notes

ς 20.0 scaling parameter
◁ 2.0 scaling parameter
p0

1
2 exp

(
→2 · 202

(
x
2 + y

2
))

initial condition
p1 0 initial condition
ϑ 0.01 time-step size
Tend 4.0 end time f
0 right-hand side
T 1 length of truncated radial dimension
maxh 0.1 max. mesh size ”int

maxh_1d 0.1 max. mesh size of XT ′ H
1(0, T )

order 3 order of FE-space Xint ′ H
1(”int)

order_1d 3 order of FE-space X” ′ H
1(””)

”int [0, 1]2 interior domain
m (0,0) star shape point

Table 2.: Problem setup and model parameters for the complex scaled wave
equation.
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Parameter Value Notes

ς 20.0 scaling parameter
T 1 length of truncated radial dimension
maxh 0.1 max. mesh size ”int

maxh_1d 0.1 max. mesh size of XT ′ H
1(0, T )

order 3 order of FE-space Xint ′ H
1(”int)

order_1d 3 order of FE-space X” ′ H
1(””)

”int [0, 1]2 interior domain
m (-0.3,-0.2) star shape point

Table 3.: Problem setup and model parameters for the eigenvalue problem.

Parameter Value Notes

ς 20.0 scaling parameter
◁ 2.0 scaling parameter
p0 exp

(
→202

(
x
2 + y

2
))

initial condition
p1 0 initial condition
T 1 length of truncated radial dimension
ϑ 0.01 time-step size
Tend 4.0 end time
order 3 order of FE-space Xint ′ H

1(”int)
order_1d 3 order of FE-space X” ′ H

1(””)
”int [0, 1]2 interior domain
m (0.3,0.3) star shape point

Table 4.: Problem setup and model parameters for convergence investigation.

Parameter Value Notes

ς 20.0 scaling parameter
◁ 2.0 scaling parameter
p0 exp

(
→202

(
(x+ 0.2)2 + (y + 0.2)2

))
initial condition

p1 0 initial condition
T 1 length of truncated radial dimension
ϑ 0.01 time-step size
Tend 4.0 end time
maxh 0.1 max. mesh size ”int

maxh_1d 0.1 max. mesh size of XT ′ H
1(0, T )

order 3 order of FE-space Xint ′ H
1(”int)

order_1d 3 order of FE-space X” ′ H
1(””)

”int [0, 1]2 interior domain
m (0.2,-0.2) star shape point

Table 5.: Problem setup and model parameters for energy investigation.
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Parameter Value Notes

ς 20.0 scaling parameter
◁ 0.0 scaling parameter
p0 exp

(
→202

(
x
2 + y

2
))

initial condition
p1 0 initial condition
T 1 length of truncated radial dimension
ϑ 0.05 time-step size
Tend 5.0 end time
maxh 0.1 max. mesh size ”int

maxh_1d 0.1 max. mesh size of XT ′ H
1(0, T )

order 3 order of FE-space Xint ′ H
1(”int)

order_1d 2 order of FE-space X” ′ H
1(””)

”int [0, 1]2 interior domain
m (0.35,0.35) star shape point

Table 6.: Problem setup and model parameters for recreation of result of [RSS12].

Parameter Value Notes

ς 10.0 scaling parameter
T 1.5 length of truncated radial dimension
maxh 0.1 max. mesh size ”int

maxh_1d 0.01 max. mesh size of XT ′ H
1(0, T )

order 2 order of FE-space Xint ′ H
1(”int)

order_1d 2 order of FE-space X” ′ H
1(””)

”int [0, 1]2 interior domain

Table 7.: Problem setup and model parameters for eigenvalues investigation
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Parameter Value Notes

ς 20.0 scaling parameter
◁ 2.0 scaling parameter
p0 exp

(
→202

(
x
2 + y

2
))

initial condition
p1 0 initial condition
T 1 length of truncated radial dimension
ϑ 0.05 time-step size
Tend 5.0 end time
order 3 order of FE-space Xint ′ H

1(”int)
order_1d 2 order of FE-space X” ′ H

1(””)
”int [0, 1]2 interior domain
m (0.35,0.35) star shape point

Table 8.: Problem setup and model parameters for test of robustness.
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A.4. Exterior part of complex scaled sesquilinearform into star
shaped coordinates

a
ω
ext(ε)(ϖ,ϱ) :=

∫

R>0→!

1

n(x̂) · v(x̂)
ω

ω↽
ϖ(↽, x̂)

ω

ω↽
ϱ(↽, x̂) d(↽, x̂) (A.1a)

→ ς

◁ → iε + ς

∫

R>0→!

1

n(x̂) · v(x̂)
ω

ω↽
ϖ(↽, x̂)

ω

ω↽
ϱ(↽, x̂) d(↽, x̂) (A.1b)

+

∫

R>0→!

2↽ + ↽
2

n(x̂) · v(x̂)
ω

ω↽
ϖ(↽, x̂)

ω

ω↽
ϱ(↽, x̂) d(↽, x̂) (A.1c)

+
ς

◁ → iε

∫

R>0→!

↽
2

n(x̂) · v(x̂)
ω

ω↽
ϖ(↽, x̂)

ω

ω↽
ϱ(↽, x̂) d(↽, x̂) (A.1d)

→ 1

4

∫

R>0→!

1

n(x̂) · v(x̂)ϖ(↽, x̂)ϱ(↽, x̂) d(↽, x̂) (A.1e)

→ 1

4

ς

◁ → iε

∫

R>0→!

1

n(x̂) · v(x̂)ϖ(↽, x̂)ϱ(↽, x̂) d(↽, x̂) (A.1f)

→
∫

R>0→!

(1 + ↽)v(x̂)

n(x̂) · v(x̂) ·
(
↙ϖ(↽, x̂)


ω

ω↽
ϱ(↽, x̂) d(↽, x̂) (A.1g)

→ ς

◁ → iε

∫

R>0→!

↽ v(x̂)

n(x̂) · v(x̂) ·
(
↙ϖ(↽, x̂)


ω

ω↽
ϱ(↽, x̂) d(↽, x̂) (A.1h)

→
∫

R>0→!

(1 + ↽) v(x̂)

n(x̂) · v(x̂)

(
ω

ω↽
ϖ(↽, x̂)

)
↙ϱ(↽, x̂) d(↽, x̂) (A.1i)

→ ς

◁ → iε

∫

R>0→!

↽ v(x̂)

n(x̂) · v(x̂)

(
ω

ω↽
ϖ(↽, x̂)

)
↙ϱ(↽, x̂) d(↽, x̂) (A.1j)

→ 1

2

∫

R>0→!

v(x̂)

n(x̂) · v(x̂) ·
↙
(
ϖ(↽, x̂)ϱ(↽, x̂)

)
d(↽, x̂) (A.1k)

→ 1

2

ς

◁ → iε

∫

R>0→!

v(x̂)

n(x̂) · v(x̂) ·
↙
(
ϖ(↽, x̂)ϱ(↽, x̂)

)
d(↽, x̂) (A.1l)

+

∫

R>0→!

≃v(x̂)≃2

n(x̂) · v(x̂)

(
↙ϖ(↽, x̂)

↑
· ↙ϱ(↽, x̂) d(↽, x̂) (A.1m)

+
ς

◁ → iε

∫

R>0→!

≃v(x̂)≃2

n(x̂) · v(x̂)

(
↙ϖ(↽, x̂)

↑
· ↙ϱ(↽, x̂) d(↽, x̂) (A.1n)

→ 1

2

∫

!

1

n(x̂) · v(x̂) tr!ϖ(x̂) tr!ϱ(x̂) dx̂ (A.1o)

+ (→iε)2
∫

R>0→!
(1 + 2↽ + ↽

2)n(x̂) · v(x̂)ϖ(↽, x̂)ϱ(↽, x̂) d(↽, x̂) (A.1p)

+ (→iε)2
ς

◁ → iε

∫

R>0→!
(1 + 4↽ + 3↽2)n(x̂) · v(x̂)ϖ(↽, x̂)ϱ(↽, x̂) d(↽, x̂) (A.1q)

+ (→iε)2
ς
2

(◁ → iε)2

∫

R>0→!
(2↽ + 3↽2)n(x̂) · v(x̂)ϖ(↽, x̂)ϱ(↽, x̂) d(↽, x̂) (A.1r)

+ (→iε)2
ς
3

(◁ → iε)3

∫

R>0→!
↽
2n(x̂) · v(x̂)ϖ(↽, x̂)ϱ(↽, x̂) d(↽, x̂) (A.1s)
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A.5. Exterior parts of adapted complex scaled sesquilinearform

m̃
ω
ext(ε)((ϖ,ϱ), (h,g)) :=

∫

R>0→!

1

n(x̂) · v(x̂)
ω

ω↽
ϖ(↽, x̂)

ω

ω↽
ϱ(↽, x̂) d(↽, x̂) (A.2a)

→
∫

R>0→!

1

n(x̂) · v(x̂)
ω

ω↽
h6(↽, x̂)

ω

ω↽
ϱ(↽, x̂) d(↽, x̂) (A.2b)

+

∫

R>0→!

2↽ + ↽
2

n(x̂) · v(x̂)
ω

ω↽
ϖ(↽, x̂)

ω

ω↽
ϱ(↽, x̂) d(↽, x̂) (A.2c)

+

∫

R>0→!

↽
2

n(x̂) · v(x̂)
ω

ω↽
h1(↽, x̂)

ω

ω↽
ϱ(↽, x̂) d(↽, x̂) (A.2d)

→ 1

4

∫

R>0→!

1

n(x̂) · v(x̂)ϖ(↽, x̂)ϱ(↽, x̂) d(↽, x̂) (A.2e)

→ 1

4

∫

R>0→!

1

n(x̂) · v(x̂)h1(↽, x̂)ϱ(↽, x̂) d(↽, x̂) (A.2f)

→
∫

R>0→!

(1 + ↽)v(x̂)

n(x̂) · v(x̂) ·
(
↙ϖ(↽, x̂)


ω

ω↽
ϱ(↽, x̂) d(↽, x̂) (A.2g)

→
∫

R>0→!

↽ v(x̂)

n(x̂) · v(x̂) ·
(
↙h1(↽, x̂)


ω

ω↽
ϱ(↽, x̂) d(↽, x̂) (A.2h)

→
∫

R>0→!

(1 + ↽) v(x̂)

n(x̂) · v(x̂)

(
ω

ω↽
ϖ(↽, x̂)

)
↙ϱ(↽, x̂) d(↽, x̂) (A.2i)

→
∫

R>0→!

↽ v(x̂)

n(x̂) · v(x̂)

(
ω

ω↽
h1(↽, x̂)

)
↙ϱ(↽, x̂) d(↽, x̂) (A.2j)

→ 1

2

∫

R>0→!

v(x̂)

n(x̂) · v(x̂) ·
↙
(
ϖ(↽, x̂)ϱ(↽, x̂)


d(↽, x̂) (A.2k)

→ 1

2

∫

R>0→!

v(x̂)

n(x̂) · v(x̂) ·
↙
(
h1(↽, x̂)ϱ(↽, x̂)


d(↽, x̂) (A.2l)

+

∫

R>0→!

≃v(x̂)≃2

n(x̂) · v(x̂)

(
↙ϖ(↽, x̂)

↑
· ↙ϱ(↽, x̂) d(↽, x̂) (A.2m)

+

∫

R>0→!

≃v(x̂)≃2

n(x̂) · v(x̂)

(
↙h1(↽, x̂)

↑
· ↙ϱ(↽, x̂) d(↽, x̂) (A.2n)

→ 1

2

∫

!

1

n(x̂) · v(x̂) tr!ϖ(x) tr!ϱ(x̂) dx̂ (A.2o)

+

∫

R>0→!
(◁h1(↽, x̂)→ ςϖ(↽, x̂))g1(↽, x̂) d(↽, x̂) (A.2p)

+

∫

R>0→!
h2(↽, x̂)g2(↽, x̂) d(↽, x̂) (A.2q)

+

∫

R>0→!
(◁h3(↽, x̂)→ ςh2(↽, x̂))g3(↽, x̂)d(↽, x̂) (A.2r)

+

∫

R>0→!
(◁h4(↽, x̂)→ ςh3(↽, x̂))g4(↽, x̂)d(↽, x̂) (A.2s)

+

∫

R>0→!
h5(↽, x̂)g5(↽, x̂)d(↽, x̂) (A.2t)

+

∫

R>0→!
(◁ + ς)h6(↽, x̂)→ ςg6(↽, x̂)d(↽, x̂), (A.2u)
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A. Appendix

s̃
ϑ
ext(ε)((ϖ,ϱ),(h,g)) := (A.3a)

+

∫

R>0⇐”
(1 + 2↽ + ↽

2)n(x̂) · v(x̂)h5(↽, x̂)ϱ(↽, x̂) d(↽, x̂) (A.3b)

+

∫

R>0⇐”
(1 + 4↽ + 3↽2)n(x̂) · v(x̂)h2(↽, x̂)ϱ(↽, x̂) d(↽, x̂) (A.3c)

+

∫

R>0⇐”
(2↽ + 3↽2)n(x̂) · v(x̂)h3(↽, x̂)ϱ(↽, x̂) d(↽, x̂) (A.3d)

+

∫

R>0⇐”
↽
2n(x̂) · v(x̂)h4(↽, x̂)ϱ(↽, x̂) d(↽, x̂) (A.3e)

+

∫

R>0⇐”
(h1(↽, x̂)g1(↽, x̂) d(↽, x̂) (A.3f)

→
∫

R>0⇐”
h1(↽, x̂))g2(↽, x̂) d(↽, x̂) (A.3g)

+

∫

R>0⇐”
h3(↽, x̂))g3(↽, x̂)d(↽, x̂) (A.3h)

+

∫

R>0⇐”
(h4(↽, x̂)g4(↽, x̂)d(↽, x̂) (A.3i)

→
∫

R>0⇐”
ϖ(↽, x̂))g5(↽, x̂)d(↽, x̂) (A.3j)

+

∫

R>0⇐”
h6(↽, x̂)g6(↽, x̂)d(↽, x̂) (A.3k)

with (h,g) :=(h1, g1, h2, g2, h3, g3, h4, g4, h5, g5, h6, g6).
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